100 Quiz 6 End of week 6 Grade:

Very short answer questions
1. Each part is worth 1 marks. Please write your answers in the boxes. Marking
scheme: 1 for each correct, 0 otherwise
Consider the function, h(z) = 22% — 922 + 12z.
(a) What are the coordinates of the local maximum of h(z)?
Answer: (1,5)

Solution: The function A(x) has critical points, but no singular points since its
derivative I/(z) = 62? — 18z + 12 is defined for all values of z. The critical points of
h(z) are computed by equating h(x) = 0 which yields

622 — 18z + 12 =0, i.e. 6(z* — 3z +2) =6(z — 1)(z —2) =0,

and thus z = 1 and z = 2. Using either the Second Derivative Test, i.e. computing
h"(x) = 12x — 18 and then plugging in the critical numbers = 1 and x = 2 in A" (x),
or by simply noticing that h’(x) changes from positive to negative at = 1 and from
negative to positive at x = 2, we conclude that x = 1 is a point of local maximum,
while z = 2 is a point of local minimum. We compute f(1) =5 and f(2) = 4.

(b) What are the coordinates of the local minimum of h(z)?
Answer: (2,4)

Short answer questions — you must show your work

2. Each part is worth 2 marks.

(a) Find the intervals where f(x) = xx—fg is decreasing.

Solution: First of all, f(z) is defined for all  # 3. In order to find where is f(x)
decreasing, we find where is f'(x) negative. So,

by 2x(r—3)—2®-1  22°—6x—2°  x(x—06)
f@) == 3p = G@-sr -3

and thus, since the denominator is always positive, we conclude that f'(z) < 0 when
z(z — 6) < 0. Recalling that the domain of definition for f(z) is x # 3, we conclude
that f(z) is decreasing on the intervals (0,3) and (3, 6).

Marking scheme:

e 1 mark for computing f'(x) in simplified form, i.e. f'(z) = R

e 1 mark for writing the correct intervals where f(z) is increasing; it is acceptable
also [0,3) U (3, 6], but not acceptable (0, 6).

= cos(z® 4+ 2% — 2) sin(2x). Show that there exists a real number ¢ such that



(c) Evaluate lim

Solution: We note that f(0) = f(m) = 0. Then using the Mean Value Theorem
(note that the function is differentiable for all real numbers), we get that there exists

¢ € (0,7) such that
f(2m) — f(0)

fo=="—=—= ="

(Alternatively, Rolle’s Theorem gives the same conclusion.) Marking scheme:

e 1 mark for writing that f(0) = f(7) = 0.

e 1 mark for invoking Mean Value Theorem or Rolle’s Theorem correctly to con-
clude the existence of ¢ € (0,2m) such that f'(c) = 0.
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Solution: This limit is a %-indeterminate form with differentiable numerator and
denominator. So we can use de L.’Hospital’s rule:
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Evaluate lim log(z)tan(z).
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Solution: This limit is a “oo - 0”-indeterminate form with differentiable numerator
and denominator. So we rewrite it as a %—indeterminate form:

. . log(z)
lim 1 t = lim ——————.
2 toalw) tane) = I, fean ()1
Now we can use de L’Hospital’s rule:
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