100/180 Quiz 4.1 End of week 8 Grade:

First Name: Last Name:

Student-No: Section:

Very short answer questions

1. Each part is worth 1 marks. Please write your simplified answers in the boxes.
Marking scheme: 1 for each correct, 0 otherwise

(a) Differentiate e=°5(1°¢®), Recall that logz = log, z = Inx.

8] =

Answer: e«(°82).(_gin (log 7))-

Solution: This requires us to apply the chain rule twice.

d d
a [ecos(logm)] _ ecos(logm) . a [COS (IOg I)]

_ ecos(log x) (_ sin(log ZE)) . % 10g X

1
_ ecos(logf)(_ sin(logz)) - —
X

(b) If 2% + y? = sin(x + y) compute j—g.

gy cos(z+y) — 2
Answer: g = ——
2y — cos(z + y)

Solution: Differentiate the equation

2w—|—2yj—i = cos(x +y) - (1 + i—i)

dy  cos(z +y)—2x
dr 2y — cos(z + )

Short answer questions — you must show your work

2. Each part is worth 2 marks.

(a) Differentiate f(x) = (2% + 1)@,

Solution: We use logarithmic differentiation; so
log f(x) = log(z® + 1) - sinx

Then differentiate to obtain

fl(z) d 5 _ 5 2z sinx
o) [log(z* 4 1) - sinz] = cosz - log(z* + 1) + o




In conclusion:

fl(z) = f(z)- (Cosx -log(2® +1) + 2::28in

) or equivalently

. 2 i
- (st + )

Marking scheme:

e 1 mark for using logarithmic differentiation, i.e. write that log(f(z)) = sin(z)?-
In(z2+1) — provided they also write that the derivative of log f(z) is f'(z)/f(x).
It is not enough just to write “Use log-diff (or similar)” they have to get to

f'(x)/f(x) = blah or f'(x) = f(x) x blah.

e 1 mark for correct derivative for f(x); accept as correct answer also f'(x) =
f(z) - blah.

(b) Consider a function of the form f(z) = Ae*® where A and k are constants. If f(0) = 3
and f(2) =5, find the constants A and k.

Solution: The two pieces of information give us
f(0)=A=3 f(2) = Ae** =5

Thus we know that A = 3 and so f(2) = 5 = 3¢?*. Hence

5
2% _ 2
73
2k = log(5/3)
1
k= 5 log(5/3).

Marking scheme:

e One mark for each correct constant.

e This one is supposed to be straight forward.

Long answer question — you must show your work

3. If 2% cos(y) + 2ze¥ = 8, then find ¢’ at the points where y = 0. You must justify

your answer.

Solution:




First we find the z-coordinates where y = 0.

2% cos(0) + 2z’ = 8
2’ +20—-8=0
(x+4)(x—2)=0

Sox=2,—4.

Now we use implicit differentiation to get 3 in terms of x, y:

2% cos(y) + 2ze¥ = 8 differentiate both sides
x* - (—siny) -y + 2w cosy + 2xwe? -y +2e¥ =0

Now set y = 0 to get

2% (—sin0) -y 4+ 22cos0 + 2z¢e’ -y +2e° =0
0+2z+2xy +2=0
, 2+ 2x 1+
y:— e

2x T

3
29

So at (x,y) = (2,0) we have y/ = —

o

and at (z,y) = (—4,0) we have y/ = —

Marking scheme:

1 mark for finding BOTH x = 2, —4 as the z-values when y = 0 on the given curve.

2 marks for implicit differentiation (they do not need to isolate y/).

e Note that students can get one of the above without the other. ie if students implicit-
diff but not work out x, then they get 1 mark. Similarly if students get both x but
do not implicit-diff, they get 1 mark.

1 mark for computing at least one of ¥/ = —3/2 at x =2, or ¢/ = —3/4 at x = —4.




100/180 Quiz 4.2 End of week 8 Grade:

First Name: Last Name:

Student-No: Section:

Very short answer questions

1. Each part is worth 1 marks. Please write your simplified answers in the boxes.
Marking scheme: 1 for each correct, 0 otherwise

(a) Differentiate esin® ()

Answer: 2sin(z) - cos(x) - es2*(®)

Solution: This requires us to apply the chain rule twice.
d g : d
a [651112@)} _ 631112(95) . a [SiIlQ(I')}
= 651“2(“’")(2 sin(z)) - i sin(z)
dx

= @) (2in(z)) - cos(z)

(b) If 2% + y* = cos(z? + y) compute L.

2z sin(x? + y) + 322
Answer: — -
4y3 4 sin(z? 4 y)
Solution: Differentiate the equation

dy . dy

3.2 4 48— _ 2 ops Y

r° 4 U sin(z” + y) <x+dx)

dy  2wsin(z® +y) + 32°
dr 4y +sin(2? +y)

Short answer questions — you must show your work

2. Each part is worth 2 marks.

(a) Differentiate f(z) = z @),

Solution: We use logarithmic differentiation; so
In f(z) = In(x) - cos®(z)

Then differentiate to obtain

cos®(x)

JJCC/((xx)) N % [In(x) - cos®(x)] = 3cos®(x) - (—sin(x)) - In(z) +

X




In conclusion:
f(z) = f(z) - (3 cos?(x) - (—sin(z)) - In(x) + %@5)) or equivalently
cos3(a:))

X

_ xCOSS($) . (_3 COSQ(J’) Sin(x) ln(:B) +

Marking scheme:

e 1 mark for using logarithmic differentiation, i.e. write that log(f(z)) = In(x) -
cos®(x) — provided they also write that the derivative of log f(x) is f'(z)/f(x).
It is not enough just to write “Use log-diff (or similar)” they have to get to

f'(z)/f(x) = blah or f'(x) = f(x) x blah.

e 1 mark for correct derivative for f(x); accept as correct answer also f'(x) =
f(z) - blah.

(b) Consider a function of the form f(z) = Ae*® where A and k are constants. If f(0) = 2
and f(5) = 3, find the constants A and k.

Solution: The two pieces of information give us

f(0)=A=2 f(5) = Ae®* =3

3
sk O
© 73
5k = In(3/2)
1
k== -In(3/2).

Marking scheme:

e One mark for each correct constant.

e This one is supposed to be straight forward.

Long answer question — you must show your work

3. If 22¢¥ + 4z cos(y) = 5, then find ¢’ at the points where y = 0. You must justify
yOour answer.

Solution:




First we find the z-coordinates where y = 0.

2%e? + 42 cos(0) = 5
v +4x —5=0
(x+5)(z—1)=0

Sox=1,-5.

Now we use implicit differentiation to get 3 in terms of x, y:

x2e¥ + 4x cos(y) = differentiate both sides

5
- e¥ -y + 2we? + da(—sin(y)) -y + 4cos(y) = 0

Now set y = 0 to get

2% e? -y + 22e” + 4x(—sin(0)) - ¥/ + 4cos(0) = 0
22y 422 +4=0
, 4+ 2z

72
e So at (z,y) = (1,0) we have y/ = —6,

e and at (z,y) = (—5,0) we have y' = 3.

Marking scheme:

e 1 mark for finding BOTH x = 1, —5 as the z-values when y = 0 on the given curve.
e 2 marks for implicit differentiation (they do not need to isolate y').

e Note that students can get one of the above without the other. ie if students implicit-
diff but not work out x, then they get 1 mark. Similarly if students get both = but
do not implicit-diff, they get 1 mark.

e 1 mark for computing at least one of y/ = —6 at z =1, or y/ = 6/25 at z = —5.




100/180 Quiz 4.3 End of week 8 Grade:

First Name: Last Name:

Student-No: Section:

Very short answer questions

1. Each part is worth 1 marks. Please write your simplified answers in the boxes.
Marking scheme: 1 for each correct, 0 otherwise

(a) Differentiate sin (e>*)

Answer: cos (€5%) - €5 - 5
Solution: This requires us to apply the chain rule twice.
d d
T [sin(e®”)] = cos (€°) - T [€**]
d
= cos(e™) () - e —[5z]
= cos(e™)(e) - 5
(b) If e¥ = xy? + x, compute g—y
2
1
Answer: % S
rooeY —2xy

Solution: Differentiate the equation

w3 dy
=x-2 1

da: =x-2y— 1z + 9+

d

ﬁ(ey—%y):y +1
dy y? 41
de eV —2xy

Short answer questions — you must show your work

2. Each part is worth 2 marks.

(a) Differentiate f(z) = (24 1)@ +D.

Solution: We use logarithmic differentiation; so
In f(z) =In(z*+1) - (2* + 1)

Then differentiate to obtain

ééaf)) - % [In(2® +1) - (&* + 1)] =

v —(a® +1) + 22 In(a? + 1) = 20(1 + In(? 4 1))




In conclusion:

f'(z) = f(z) - 22(1 + In(z* 4+ 1)) or equivalently
= (22 + )" 22(1 + In(a® + 1))

Marking scheme:

e 1 mark for using logarithmic differentiation, i.e. write that In(f(z)) = (22 +
1) - In(z? + 1) — provided they also write that the derivative of log f(x) is
f'(x)/f(x). It is not enough just to write “Use log-diff (or similar)” they have
to get to f'(x)/f(x) = blah or f'(x) = f(x) x blah.

e 1 mark for correct derivative for f(x); accept as correct answer also f'(x) =
f(x) - blah.

(b) Consider a function of the form f(z) = Ae*® where A and k are constants. If f(0) = 2
and f(3) =1, find the constants A and k.

Solution: The two pieces of information give us
fl0)=A=2 f(3) = Ae** =1

Thus we know that A =2 and so f(3) = 1 = 2e**. Hence

1
3k _ L
© 79
3k =1n(1/2)
1 In2
b= ol(1/2) =

Marking scheme:

e One mark for each correct constant. They do not need to be simplified.

e This one is supposed to be straight forward.

Long answer question — you must show your work
3. If 22 + (y + 1)e¥ = 5, then find ¢/ at the points where y = 0. You must justify your
answer.

Solution:




e First we find the z-coordinates where y = 0.

22+ (1) =5
?+1=5
r? =4

Sox=2,-2.

e Now we use implicit differentiation to get ¢’ in terms of x, y:

dy dy
v v
2z + (y + 1e s 0
e Now set y = 0 to get
dy dy
2 1)e'—Z 4 = =
r+ (0+1)e i 0
dy  dy
2 e _— =
x+dx+dx 0
dy
L

e So at (x,y) = (2,0) we have ¢y = —2,

e and at (z,y) = (—2,0) we have ¢/ = 2.
Marking scheme:

e 1 mark for finding BOTH 2 = 2, —2 as the z-values when y = 0 on the given curve.
e 2 marks for implicit differentiation (they do not need to isolate y').

e Note that students can get one of the above without the other. ie if students implicit-
diff but not work out x, then they get 1 mark. Similarly if students get both x but
do not implicit-diff, they get 1 mark.

e 1 mark for computing at least one of ¢y = —2 at x =2, or ¢y =2 at z = —2.




100/180 Quiz 4.4 End of week 8 Grade:

First Name: Last Name:

Student-No: Section:
Very short answer questions
1. Each part is worth 1 marks. Please write your simplified answers in the boxes.

Marking scheme: 1 for each correct, 0 otherwise

sin ;B)

(a) Differentiate sin (e

sin x

Answer: cos(e®"?) - 5" . cos
Solution: This requires us to apply the chain rule twice.
d : sinz sinx d sinx
e [sm(e )} :cos(e )a [e }
:cos(e. )-e. a[smx]
= cos (eS‘”) -e™MT . cosx
2,2y d
(b) If cos(x* + y?) = x + y compute F£.
Answer: Y =

1+ 2z sin(z? + y?)
1 + 2ysin(a? 4 y?)

Solution: Differentiate the equation

—sin(z? +y°) - (22 +2yy) = 1+ ¢
v (14 2ysin(z? + y?)) = —(1 + 2z sin(2? + 3?))
dy 1+ 2z sin(z? + y?)
dz 1+ 2ysin(z? +¢2)

Short answer questions — you must show your work

2. Each part is worth 2 marks.

(a) Differentiate f(z) = (sinx)™"7.

Solution: We use logarithmic differentiation; so
log f(z) = tan(x) log(sin )

Then differentiate to obtain
f'(x) cos T

—t
f(x) MY Sina

log sin x

+ sec?(x) log sin x

=14+
cos? x




In conclusion:

log sin x

cos? x
log sin a:)

) or equivalently

) = ) 1+

cos? x

= (sinz)"™"* . (1 +
Marking scheme:

e 1 mark for using logarithmic differentiation, i.e. write that log(f(x)) = tan z log sin
— provided they also write that the derivative of log f(z) is f'(x)/f(x). It
is not enough just to write “Use log-diff (or similar)” they have to get to

f'(x)/f(x) = blah or f'(x) = f(x) x blah.

e 1 mark for correct derivative for f(x); accept as correct answer also f'(x) =
f(z) - blah.

(b) Consider a function of the form f(z) = Ae** where A and k are constants. If f(0) = —2
and f(7) = —3, find the constants A and k.

Solution: The two pieces of information give us
f(0)=A=-2 f(7) = Ae™ = -3

Thus we know that A = —2 and so f(7) = —3 = —2¢"*. Hence

Marking scheme:

e One mark for each correct constant.

e This one is supposed to be straight forward.

Long answer question — you must show your work

3. If 2% + y* = x cos(y) + y cos(x), then find ¥ at the points where y = 0. You must
justify your answer.

Solution:




First we find the z-coordinates where y = 0.

22 +0=xzcos0+0=2z

=1 =0
z(r—1)=0
Sox=0,1.
e Now we use implicit differentiation to get ¢’ in terms of x, y:

2 +y* = 2 cos(y) + y cos(x)
22 + 2yy’ = xy'(—siny) + cosy + y(—sinz) + y' cosx

e Now set y = 0 to get
20 = —xy'sin0 + cos 0 + ¢ cos x
20 =1+ 3y cosw
) 2z —1
CoS T

So at (z,y) = (0,0) we have v/ = —1.

and at (z,y) = (1,0) we have 3 = sec(1).
Marking scheme:

e 1 mark for finding BOTH x = 0,1 as the x-values when y = 0 on the given curve.
e 2 marks for implicit differentiation (they do not need to isolate y').

e Note that students can get one of the above without the other. ie if students implicit-
diff but not work out x, then they get 1 mark. Similarly if students get both = but
do not implicit-diff, they get 1 mark.

e 1 mark for computing at least one of ¥/ = —1 at = =0, or 3/ = sec(1) at z = 1.




